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GALOIS DESCENT OF ADDITIVE INVARIANTS
GONC¸ALO TABUADA
Abstract. Making use of the recent theory of noncommutative motives, we
prove that every additive invariant satisfies Galois descent. Examples include
mixed complexes, Hochschild homology, cyclic homology, periodic cyclic ho-
mology, negative cyclic homology, connective algebraic K-theory, mod-l al-
gebraic K-theory, nonconnective algebraic K-theory, homotopy algebraic K-
theory, topological Hochscild homology, and topological cyclic homology.
1. Introduction
Additive invariants. A differential graded (=dg) category A, over a base com-
mutative ring k, is a category enriched over complexes of k-modules; see §2. Let
us denote by dgcat the category of (small) dg categories. Every (dg) k-algebra A
gives naturally rise to a dg category A with a single object and (dg) k-algebra of
endomorphisms A. Another source of examples is provided by k-schemes since the
derived category of perfect complexes Dperf(X) of every quasi-compact separated
k-scheme X admits a canonical dg enhancement1 Ddgperf(X); see Keller [7, §4.6].
Given a dg category A, let us denote by T (A) the dg category of pairs (i, x),
where i ∈ {1, 2} and x is an object of A. The complex of morphisms in T (A) from
(i, x) to (i′, x′) is given by A(x, x′) if i ≥ i′ and is zero otherwise. Composition
is induced by the composition operation in A. Intuitively speaking, T (A) “dg
categorifies” the notion of upper triangular matrix. Note that we have two inclusion
dg functors i1 : A →֒ T (A) and i2 : A →֒ T (A).
Definition 1.1. Let E : dgcat→ D be a functor with values in an additive category.
We say that E is an additive invariant if it satisfies the following two conditions:
(i) it sends Morita morphisms (see §2) to isomorphisms;
(ii) given any dg category A, the inclusion dg functors induce an isomorphism2
[E(i1) E(i2)] : E(A) ⊕ E(A)
∼
−→ E(T (A)) .
Examples of additive invariants include:
(i) The mixed complex functor C : dgcat → D(Λ) with values in the derived
category of the dg k-algebra Λ := k[B]/B2 where B is of degree −1 and
d(B) = 0; see Keller [8, §1.5 Thm. b) and §1.12].
(ii) The Hochschild homology functor HH : dgcat → D(k) (with values in the
derived category of k), the cyclic homology functor HC : dgcat → D(k), the
periodic cyclic homology functor HP : dgcat → DZ/2(k) (with values in the
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1In the particular case where k is a field and X is quasi-projective this dg enhancement is
unique; see Lunts-Orlov [10, Thm. 2.12].
2Condition (ii) can be equivalently formulated in terms of semi-orthogonal decompositions in
the sense of Bondal-Orlov; see [18, Thm. 6.3(4)].
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category of Z/2-graded cochain complexes of k-modules), and the negative
cyclic homology functor HN : dgcat→ D(k); see Keller [9, §2.2].
(iii) The connective algebraic K-theory functor K : dgcat → Ho(Spt) with values
in the homotopy category of spectra; see Thomason-Trobaugh [21, Thm. 1.9.8]
and Waldhausen [23, Thm. 1.4.2].
(iv) The mod-l algebraic K-theory functor K(−;Z/l) : dgcat → Ho(Spt), with
l ≥ 2 an integer; see §3.
(v) The nonconnective algebraic K-theory functor IK : dgcat → Ho(Spt); see
Schlichting [12, §7 Thm. 4 and §12.3 Prop. 3].
(vi) The homotopy algebraic K-theory functor KH : dgcat→ Ho(Spt); see §3.
(vii) The topological Hochschild homology functor THH : dgcat → Ho(Spt) and
the topological cyclic homology functor TC : dgcat→ Ho(Spt); see Blumberg-
Mandell [2, Prop. 3.10 and Thm. 10.8] and [16, Prop. 8.9].
Remark 1.2. When applied to A, respectively to Ddgperf(X), the above additive
invariants (i)-(vii) reduce to the classical invariants of (dg) k-algebras, respectively
of k-schemes; consult [7, Thm. 5.2] for (i)-(ii), [7, Thm. 5.1] for (iii) and (v), [13,
Example 2.13] for (iv), [15, Prop. 2.3] for (vi), and [2, Thm. 1.3] for (vii).
Galois descent. Let k ⊂ l be a G-Galois extension of commutative rings in
the sense of Auslander-Goldman [1] and Chase-Harrison-Rosenberg [4]; see [6, §0
Def. 1.5]. Recall that G is a finite subgroup of the k-algebra automorphisms of l
and that k = lG. Let us write m for the cardinality of G. Every G-Galois field
extension is a G-Galois extension of commutative rings. Here is another example:
Example 1.3. Let k ⊂ l be a G-Galois field extension of number fields, i.e. finite
field extensions of Q. Then, the corresponding extension Ok ⊂ Ol of the rings
of integers is a G-Galois extension of commutative rings if and only if k ⊂ l is
unramified; consult [6, Thm. 4.1] for details.
Given a dg category A, let us denote by Al the dg category obtained from A
by tensoring each complex of morphisms with l. Throughout the article all dg
categories (e.g. Al) will be defined over the base commutative ring k. Note that Al
comes equipped with an action of G and with a canonical dg functor ιA : A → Al.
Our main result is the following:
Theorem 1.4. (Galois descent) Assume that the k-module3 l is stably-free, i.e.
that there exist integers r, s > 0 such that l⊕k⊕r ≃ k⊕s. Let n := s−r > 0 and E :
dgcat → D an additive invariant with values in an idempotent complete Z[1/nm]-
linear category. Under these assumptions, one has a canonical isomorphism
E(ιA) : E(A)
∼
−→ E(Al)
G
for every dg category A. This isomorphism is moreover natural in A and in E.
Recall from [24, page 68] that when k is a field, a local ring, or a principal
ideal domain (PID), every finitely generated projective k-module is (stably-)free.
Moreover, in the particular case where k ⊂ l is a G-Galois field extension, one has
r = 0, s = m, and consequently n = m. Intuitively speaking, Theorem 1.4 shows
us that every additive invariant satisfies Galois descent as long as one inverts the
rank of the k-module l as well as the cardinality of G. The proof is based on the
recent theory of noncommutative motives; consult §4-5 for details.
3Recall from [6, Thm. 1.6] that l is a finitely generated projective k-module.
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Corollary 1.5. Let A be a (dg) k-algebra and X a quasi-compact separated k-
scheme. When char(k) ∤ nm, one has canonical natural isomorphisms
C(A) ≃ C(Al)
G C(X) ≃ C(Xl)
G
HH(A) ≃ HH(Al)
G HH(X) ≃ HH(Xl)
G
HC(A) ≃ HC(Al)
G HC(X) ≃ HC(Xl)
G
HP (A) ≃ HP (Al)
G HP (X) ≃ HP (Xl)
G
HN(A) ≃ HN(Al)
G HN(X) ≃ HN(Xl)
G ,
where Al := A ⊗k l and Xl := X ×Spec(k) Spec(l). By passing to the associated
homology groups one obtains
HH∗(A) ≃ HH∗(Al)
G HH∗(X) ≃ HH∗(Xl)
G
HC∗(A) ≃ HC∗(Al)
G HC∗(X) ≃ HC∗(Xl)
G
HP∗(A) ≃ HP∗(Al)
G HP∗(X) ≃ HP∗(Xl)
G
HN∗(A) ≃ HN∗(Al)
G HN∗(X) ≃ HN∗(Xl)
G .
Let (Ho(Spt)1/nm)
♮ be the idempotent completion of the localization Ho(Spt)1/nm
of Ho(Spt) at the Z[1/nm]-linear stable equivalences and
(1.6) (−)1/nm : Ho(Spt) −→ Ho(Spt)1/nm ⊂ (Ho(Spt)1/nm)
♮
the associated localization functor. For every spectrum S one has a canonical
isomorphism π∗(S1/nm) ≃ π∗(S)1/nm := π∗(S)⊗Z Z[1/nm]. Furthermore, by com-
posing the above functors (iii)-(vii) with (1.6) one obtains additive invariants with
values in an idempotent complete Z[1/nm]-linear additive category.
Corollary 1.7. For every (dg) k-algebra A and for every quasi-compact separated
k-scheme X one has canonical natural isomorphisms
K(A)1/nm ≃ (K(Al)1/nm)
G K(X)1/nm ≃ (K(Xl)1/nm)
G
K(A;Z/l)1/nm ≃ (K(Al;Z/l)1/nm)
G K(X ;Z/l)1/nm ≃ (K(Xl;Z/l)1/nm)
G
IK(A)1/nm ≃ (IK(Al)1/nm)
G IK(X)1/nm ≃ (IK(Xl)1/nm)
G
KH(A)1/nm ≃ (KH(Al)1/nm)
G KH(X)1/nm ≃ (KH(Xl)1/nm)
G
THH(A)1/nm ≃ (THH(Al)1/nm)
G THH(X)1/nm ≃ (THH(Xl)1/nm)
G
TC(A)1/nm ≃ (TC(Al)1/nm)
G TC(X)1/nm ≃ (TC(Xl)1/nm)
G .
By passing to the associated homotopy groups one obtains
K∗(A)1/nm ≃ (K∗(Al)1/nm)
G K∗(X)1/nm ≃ (K∗(Xl)1/nm)
G
K∗(A;Z/l)1/nm ≃ (K∗(Al;Z/l)1/nm)
G K∗(X ;Z/l)1/nm ≃ (K∗(Xl;Z/l)1/nm)
G
IK∗(A)1/nm ≃ (IK∗(Al)1/nm)
G IK∗(X)1/nm ≃ (IK∗(Xl)1/nm)
G
KH∗(A)1/nm ≃ (KH∗(Al)1/nm)
G KH∗(X)1/nm ≃ (KH∗(Xl)1/nm)
G
THH∗(A)1/nm ≃ (THH∗(Al)1/nm)
G THH∗(X)1/nm ≃ (THH∗(Xl)1/nm)
G
TC∗(A)1/nm ≃ (TC∗(Al)1/nm)
G TC∗(X)1/nm ≃ (TC∗(Xl)1/nm)
G .
The isomorphism HH∗(A) ≃ HH∗(Al)
G was established by Geller-Weibel [5]
in the particular case of a commutative k-algebra A. Under the assumption that
char(k) = 0, the isomorphism HC∗(A) ≃ HC∗(Al)
G was also proved in [5]. In
what concerns algebraic K-theory and G-Galois field extensions, the isomorphism
K∗(X)1/n ≃ (K∗(Xl)1/n)
G goes back to Thomason’s foundational work [20]. A
homotopy version of Galois descent for topological cyclic homology of commutative
k-algebras was established by Tsalidis [22]. Besides these examples in the “com-
mutative world”, all the remaining isomorphisms of Corollaries 1.5 and 1.7 (and of
Theorem 1.4) are, to the best of the author’s knowledge, new in the literature.
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2. Background on dg categories
Let C(k) be the category of cochain complexes of k-modules; we use cohomolog-
ical notation. A differential graded (=dg) category A is a category enriched over
C(k) (morphisms sets A(x, y) are complexes) in such a way that composition fulfills
the Leibniz rule d(f ◦ g) = d(f) ◦ g + (−1)deg(f)f ◦ d(g). A dg functor F : A → B
is a functor enriched over C(k); consult Keller’s ICM survey [7] for further details.
Modules. Let A be a dg category. Its opposite dg category Aop has the same
objects and complexes of morphisms given by Aop(x, y) := A(y, x). A left (resp.
right) A-module M is a dg functor M : A → C(k)dg (resp. M : A
op → Cdg(k)) with
values in the dg category Cdg(k) of cochain complexes of k-modules. Let us denote
by C(A) the category of right A-modules; see [7, §2.3]. Recall from [7, §3.2] that
the derived category D(A) of A is the localization of C(A) with respect to the class
of objectwise quasi-isomorphisms. Its full subcategory of compact objects (see [11,
Def. 4.2.7]) will be denoted by Dc(A).
Morita morphisms. A dg functor F : A → B is called a Morita morphism if
the restriction of scalars functor D(B)
∼
→ D(A) is an equivalence of (triangulated)
categories; see [7, §4.6]. As proved in [18, Thm. 5.3], dgcat admits a Quillen model
structure whose weak equivalences are precisely the Morita morphisms. Let us
denote by Hmo the homotopy category hence obtained.
Products. The cartesian product A × B (resp. tensor product A ⊗k B) of two dg
categories A and B is defined as follows: the set of objects is the cartesian product
of the sets of objects of A and B and the complexes of morphisms are given by
(A × B)((x, z), (y, w)) := A(x, y) × B(z, w) (resp. by (A ⊗k B)((x, z), (y, w)) :=
A(x, y) ⊗k B(z, w)). As explained in [7, §2.3], the tensor product gives rise to
a symmetric monoidal structure on dgcat with ⊗-unit the dg category k. After
deriving it − ⊗L −, this symmetric monoidal structure descends to Hmo; consult
[7, §4.2-4.3] for details.
Bimodules. Let A and B be two dg categories. An A-B-bimodule B is a dg functor
B : A⊗Lk B
op → Cdg(k), i.e. a right (A
op⊗Lk B)-module. A standard example is given
by the A-A-bimodule
A(−,−) : A⊗Lk A
op −→ Cdg(k) (x, y) 7→ A(y, x) .(2.1)
Let us denote by rep(A,B) the full triangulated subcategory of D(Aop⊗LkB) consist-
ing of those A-B-bimodules B such that for every object x of A the right B-module
B(x,−) belongs to Dc(B). Associated to a dg functor F : A → B we have the
A-B-bimodule
FBid : A⊗
L
k B
op −→ Cdg(k) (x, z) 7→ B(z, F (x))
as well as the B-A-bimodule
idBF : B ⊗
L
k A
op −→ Cdg(k) (z, x) 7→ B(F (x), z) .
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Clearly, FBid belongs to rep(A,B). In contrast, idBF belongs to rep(B,A) if and
only if for every z ∈ B the right A-module x 7→ B(F (x), z) belongs to Dc(A).
Remark 2.2. Given a dg category D and a dg functor F : A → B, we have an
equality idB(id⊗LF ) = D(−,−) ⊗
L
k idBF of (D ⊗
L
k B)-(D ⊗
L
k A)-bimodules, where
id⊗F stands for the dg functor obtained by tensoring D with F .
3. Algebraic K-theories
Mod-l algebraic K-theory. Consider the following triangle in Ho(Spt)
S
·l
−→ S −→ S/l −→ Σ(S) ,
where l ≥ 2 is an integer, S is the sphere spectrum, and ·l is the l-fold multiple of
the identity morphism. Following Browder [3] (and Karoubi), the mod-l algebraic
K-theory functor is defined as
K(−;Z/l) : dgcat −→ Ho(Spt) A 7→ K(A) ∧L S/l .(3.1)
Since connective algebraicK-theory is an additive invariant and the functor −∧LS/l
is additive, one observes that (3.1) is also an additive invariant.
Homotopy algebraic K-theory. Consider the following simplicial k-algebra
∆n := k[t0, . . . , tn]/
(∑
i
ti − 1
)
n ≥ 0 ,
with faces and degenerancies given by the formulae
∂r(tj) :=


tj if j < r
0 if j = r
tj−1 if j > r
δr(tj) :=


tj if j < r
tj + tj+1 if j = r
tj+1 if j > r
.
The homotopy algebraic K-theory functor is defined as
KH : dgcat −→ Ho(Spt) A 7→ hocolimn IK(A⊗k ∆n) .(3.2)
Proposition 3.3. The above functor (3.2) is an additive invariant.
Proof. We start by verifying condition (i) of Definition 1.1. Let F : A → B be a
Morita morphism. Note that the k-algebras ∆n, n ≥ 0, are k-flat. This implies that
the dg functors F ⊗ id : A ⊗k ∆n → B ⊗k ∆n, n ≥ 0, are also Morita morphisms.
Using the fact that the nonconnective algebraicK-theory functor satisfies condition
(i) of Definition 1.1, one hence obtains an induced isomorphismKH(A)
∼
→ KH(B).
Let us now verify condition (ii). One needs to show that the inclusion dg functors
i1, i2 : A →֒ T (A) induce an isomorphism
(3.4)
(
hocolimn IK(A⊗k ∆n)
)⊕2
−→ hocolimn IK(T (A)⊗k ∆n) .
Under the canonical identification T (A)⊗k ∆n = T (A⊗k ∆n), the morphisms
i1 ⊗ id : A⊗∆n →֒ T (A)⊗k ∆n and i2 ⊗ id : A⊗∆n →֒ T (A)⊗k ∆n
correspond to the two inclusions of A ⊗k ∆n into T (A ⊗k ∆n). Moreover, since
the left-hand-side of (3.4) identifies with hocolimn
(
IK(A⊗k ∆n)
⊕2
)
, the above
induced morphism (3.4) reduces to
hocolimn
(
IK(A⊗k ∆n)
⊕2
)
−→ hocolimn IK(T (A⊗k ∆n)) .(3.5)
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Now, using the fact that the nonconnective algebraic K-theory functor satisfies
condition (ii) of Definition 1.1, one concludes that (3.5) is an isomorphism. This
achieves the proof. 
4. Noncommutative motives
In this section we recall from [18] the construction of the additive category Hmo0
of noncommutative motives; consult also the survey article [14]. This category, as
well as its universal property, will play a key role in the proof of Theorem 1.4.
Let us consider first the homotopy category Hmo. As proved in [18, Cor. 5.10],
one has a canonical bijection HomHmo(A,B) ≃ Iso rep(A,B), where Iso denotes the
set of isomorphism classes. Under this bijection, the composition law corresponds
to the derived tensor product of bimodules
Iso rep(A,B)× Iso rep(B, C) −→ Iso rep(A, C) (B,B′) 7→ B⊗LB B
′ .
Note that the identity of every A ∈ Hmo is given by the above A-A-bimodule (2.1)
and that we have a natural functor
dgcat −→ Hmo (F : A → B) 7→ FBid .(4.1)
As explained in loc. cit., the symmetric monoidal structure on dgcat descends to
Hmo making (4.1) into a symmetric monoidal functor.
The additivization of Hmo is the additive category Hmo0 with the same ob-
jects as Hmo and with abelian groups of morphisms given by HomHmo0(A,B) :=
K0 rep(A,B), where K0 rep(A,B) stands for the Grothendieck group of the trian-
gulated category rep(A,B). The composition law is induced by the derived tensor
product of bimodules
K0 rep(A,B)×K0 rep(B, C) −→ K0 rep(A, C) ([B], [B
′]) 7→ [B⊗LB B
′] .
Note that the products (=direct sums) in Hmo0 are given by the cartesian product
of dg categories. Note also that we have a natural functor
Hmo −→ Hmo0 B 7→ [B] .(4.2)
As explained in loc. cit., the symmetric monoidal structure on Hmo descends fur-
thermore to a bilinear symmetric monoidal structure on Hmo0 making (4.2) into a
symmetric monoidal functor. As proved in [18, Thms. 5.3 and 6.3], the composition
U : dgcat
(4.1)
−→ Hmo
(4.2)
−→ Hmo0
is the universal additive invariant, i.e. given any additive category D there is an
induced equivalence of categories
(4.3) U∗ : Funadd(Hmo0,D)
∼
−→ FunA(dgcat,D) ,
where the left-hand-side denotes the category of additive functors and the right-
hand-side the category of additive invariants in the sense of Definition 1.1. Because
of this universal property, which is reminiscent from motives, Hmo0 is called the
(additive4) category of noncommutative motives.
4A triangulated version also exists in the literature; see [17].
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5. Proof of Theorem 1.4
Let us denote by ι : k → l the G-Galois extension of commutative rings and by
ι : k → l the associated dg functor.
Lemma 5.1. The l-k-bimodule idBι belongs to rep(l, k). Consequently, it gives rise
to a well-defined morphism [idBι] : U(l)→ U(k) in Hmo0.
Proof. Note that the l-k-bimodule idBι is l (considered as a complex of k-modules
spaces concentrated in degree zero) endowed with the left multiplication by l and
with the right multiplication by k. Since by hypothesis k ⊂ l is aG-Galois extension,
l is a finitely generated projective (right) k-module; see [6, Thm. 1.6]. This implies
that l is a compact object of the triangulated category D(k) and consequently that
idBι belongs to rep(l, k) 
Proposition 5.2. The morphisms [idBι] : U(l)→ U(k) and U(ι) : U(k)→ U(l) in
Hmo0 verify the equality [idBι] ◦ U(ι) = n · idU(k).
Proof. As explained in §4, the composition
U(k)
U(ι)
−→ U(l)
[idBι]
−→ U(k)
is given by [ιBid ⊗
L
l idBι] ∈ K0 rep(k, k). Note that the k-k-bimodule ιBid ⊗
L
l idBι
is l ⊗Ll l ≃ l ⊗l l ≃ l (considered as a complex of k-modules concentrated in degree
zero) endowed with the left and right multiplication by k. Recall from §4 that the
identity idU(k) of U(k) ∈ Hmo0 is given by the class [k(−,−)] ∈ K0 rep(k, k).
Now, note that one has a canonical⊗-equivalence of categories rep(k, k) ≃ Dc(k).
As a consequence, one obtains canonical ring isomorphisms
K0 rep(k, k) ≃ K0D(k) ≃ K0(k) .
Under these ring isomorphisms, [ιBid ⊗
L
l idBι] corresponds to [l] and [k(−,−)] to
[k]. Hence, it suffices to show the equality [l] = n · [k] in K0(k). Since by hypothesis
l is a stably-free k-module, there exist integers r, s > 0 such that l ⊕ k⊕r ≃ k⊕s.
By construction of the Grothendieck group K0(k) we then obtain the equalities
[l] = [k⊕s]− [k⊕r] = [k⊕(s−r)] = [k⊕n] = n · [k] .
This achieves the proof. 
Remark 5.3. The proof of Proposition 5.2 shows that if l is a stably-free k-module,
then [l] = n · [k] for some integer n > 0. As explained in [24, page 68], the converse
is also true.
Given an element σ ∈ G, let σ : l → l be the associated dg functor.
Proposition 5.4. The morphisms [idBι] : U(l)→ U(k) and U(ι) : U(k)→ U(l) in
Hmo0 verify the equality U(ι) ◦ [idBι] =
∑
σ∈G U(σ).
Proof. As explained in §4, the composition
U(l)
[idBι]
−→ U(k)
U(ι)
−→ U(l)
is given by [idBι ⊗
L
k ιBid] ∈ K0 rep(l, l). Note that the l-l-bimodule idBι ⊗
L
k ιBid is
l ⊗Lk l ≃ l ⊗k l (considered as a complex of k-modules concentrated in degree zero)
endowed with the left and right multiplication by l.
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Now, recall from [6, §0 Def. 1.5] that since by hypothesis k ⊂ l is a G-Galois
extension of commutative rings, we have the following isomorphism of l-algebras
θ : l ⊗k l
∼
−→
∏
σ∈G
l b1 ⊗ b2 7→ (b1b2, . . . , σ(b1)b2, . . .) ,
where l acts on the right factor of l ⊗k l. By σ-twisting the left (diagonal) action
of G on
∏
σ∈G l, we hence obtain the following isomorphism of l-l-bimodules
(5.5) idBι ⊗
L
k ιBid ≃ l⊗k l
θ
≃
∏
σ∈G
σBid .
By construction of the Grothendieck group we have [
∏
σ∈G σBid] =
∑
σ∈G[σBid] in
K0 rep(l, l). Therefore, using the above isomorphism (5.5) and the fact that [σBid] =
U(σ), we obtain the desired equality U(ι)◦[idBι] = [idBι⊗
L
k ιBid] =
∑
σ∈G U(σ). 
By definition, Al identifies with the dg categoryA⊗k l (where l is considered as a
k-algebra) and ιA with the dg functor id⊗ι : A ≃ A⊗k k→ A⊗k l. Note that since
l is a projective (and hence k-flat) k-module there is no need to take the derived
tensor product. Consider the (A ⊗k l)-A-bimodule A(−,−) ⊗
L
k idBι. Thanks to
Remark 2.2 (with D := A and F := ι), we have A(−,−)⊗Lk idBι = idBιA . Moreover,
since the A-A-bimodule A(−,−) is the identity of A ∈ Hmo and the category
Hmo is symmetric monoidal, we conclude from Lemma 5.1 that idBιA belongs to
rep(A⊗k l,A). By applying the symmetric monoidal functor U(−) to id⊗ι and the
symmetric monoidal functor (4.2) to idBιA , we hence obtain from Propositions 5.2
and 5.4, and from the bilinearity of the symmetric monoidal structure on Hmo0,
the following equalities
[idBιA ] ◦ U(ιA) = n · idU(A) and U(ιA) ◦ [idBιA ] =
∑
σ∈G
U(σA) ,
where σA stands for the dg functor id⊗σ : A⊗k l → A⊗k l.
We now have all the ingredients needed for the conclusion of the proof of Theo-
rem 1.4. By hypothesis, E : dgcat→ D is an additive invariant. Therefore, thanks
to the above equivalence of categories (4.3), there exists an additive functor E
making the following diagram commutative
(5.6) dgcat
U

E // D
Hmo0
E
<<
③
③
③
③
③
③
③
③
.
We hence obtain well-defined morphisms
E(ιA) : E(A) −→ E(A⊗k l) E([idBιA ]) : E(A⊗k l) −→ E(A)
verifying the equalities
E([idBιA ]) ◦ E(ιA) = n · idE(A) and E(ιA) ◦ E([idBιA ]) =
∑
σ∈G
E(σA) .(5.7)
Since by hypothesis the additive category D is idempotent complete and Z[1/m]-
linear, the G-invariant part E(A ⊗k l)
G of E(A ⊗k l) exists and is given by the
image of the idempotent endomorphism 1m
∑
σ∈GE(σA) of E(A ⊗k l). We obtain
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then a well-defined inclusion morphism inc : E(A ⊗k l)
G →֒ E(A ⊗k l) such that
E(σA) ◦ inc = inc for every σ ∈ G. Note that the following equalities(
1
m
∑
σ∈G
E(σA)
)
◦ E(ιA) =
1
m
∑
σ∈G
E(σA ◦ ιA) =
1
m
∑
σ∈G
E(ιA) = E(ιA)
imply that E(ιA) factors through inc. Let us now show that the composition and
pre-composition of E(ιA) with
1
m
(
E(A⊗k l)
G inc→֒ E(A⊗k l)
E([idBιA ])−→ E(A)
)
is an isomorphism. Using the left-hand-side of (5.7) and the Z[1/m]-linearity of D
we obtain the following equalities
1
m
(
E([idBιA ]
)
◦ inc) ◦ E(ιA) =
1
m
· (n · idE(A)) =
n
m
· idE(A) .
On the other hand, by combining the equality E(σA) ◦ inc = inc with the right-
hand-side of (5.7), we obtain
E(ιA) ◦
1
m
(
E([idBιA ]) ◦ inc
)
=
1
m
·
(
m · idE(A⊗kl)
)
= idE(A⊗kl)G .
The above two morphisms are isomorphisms. The first one follows from the fact
that by hypothesis the category D is also Z[1/n]-linear. The second one is the
identity morphism. This allow us to conclude that E(ιA) is also an isomorphism.
Finally, it remains only to show that the canonical isomorphism E(ιA) is natural
in A and in E. This follows automatically from the following commutative diagrams
A
F

≃ // A⊗k k
F⊗id

id⊗ι
// A⊗k l
F⊗id

id⊗σ
// A⊗k l
F⊗id

B
≃
// B ⊗k k
id⊗ι
// B ⊗k l
id⊗σ
// B ⊗k l
E(A)
≃ //
ηA

E(A⊗k k)
E(id⊗ι)
//
ηA⊗kk

E(A⊗k l)
ηA⊗kl

E(id⊗σ)
// E(A⊗k l)
ηA⊗kl

E′(A)
≃
// E′(A⊗k k)
E′(id⊗ι)
// E′(A ⊗k l)
E′(id⊗σ)
// E′(A⊗k l) ,
where F is any dg functor, σ any element of G, and η : E ⇒ E′ any natural trans-
formation between additive invariants. This concludes the proof of Theorem 1.4.
6. Remaining proofs
Corollary 1.5. The idempotent complete categories D(Λ),D(k) and DZ/2(k) are
k-linear. Hence, when char(k) ∤ nm, they are in particular Z[1/nm]-linear.
In what concerns quasi-compact separated k-schemes X , the right-hand-side
isomorphisms of Corollary 1.5 follow from the following Morita morphisms
Ddgperf(X)⊗k l ≃ D
dg
perf(X)⊗k D
dg
perf(Spec(l))
≃ Ddgperf(X ×Spec(k) Spec(l))(6.1)
= Ddgperf(Xl) .
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The above Morita morphism (6.1) was established in [19, Prop. 6.2] in the case
where k is a field. However, since l is a projective (and hence k-flat) k-module, the
same proof holds.
Corollary 1.7. The same argument, concerning quasi-compact separated k-schemes,
applies.
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